We study the relation between the kth-order correlation function g (k) (0) at equal time for all operators and the projection of the underlying quantum state of light onto the subspace with less than k photons. It was previously established that for g (2) (0) falling below 1/2, a non-zero projection on zero or single photons follows, as well as a lower bound on the ratio for single-to-multi-photon emission. Here we generalize these results to higher-orders k. When g (k) (0) falls below its value for the Fock state |k a nonzero projection on the subspace with less than k photons can be concluded. In particular a nonzero lower bound is found, when vacuum is included in this space, whereas, when it is left out, the remaining space of 1 to k − 1 photons can have arbitrarily low projection. This is due to the influence of vacuum, artificially enhancing the value of g (k) (0). We derive an effective correlation functiong (k) (0), which takes the effect of vacuum into account and yields a nonzero lower bound on the ratio of sub-k-photon-to-k-or-more-photon emission. We examine these boundaries for different quantum states and derive a large-k limit. Due to the monotone decrease of the boundaries with increasing k, this limit serves as a general lower bound for all correlation functions g (k) (0). Finally, we consider measurement ofg (k) (0).
I. INTRODUCTION
One of the main features of quantum physics, which is readily available to experiments, is the strongly nonlinear character of higher-order expectation values and correlation functions. Already introductory courses on quantum mechanics focus on the intrinsic variance (X − X )
2 of an observableX being nonzero if the quantum state is not an eigenstate ofX [1] . This induces a quantum noise onto the classically deterministic quantity. Arguably, the most famous consequence of this variance is the Heisenberg uncertainty relation, which shatters the classic view of a fully determinable universe. A similarly fundamental aspect is given by finite-photon emitters, like Nlevel atoms. Due to their inability to emit more than N photons at a time, field correlations of the form . . . (Ê (+) ) N +ε , withÊ (+) the positive frequency part of the light field, identically vanish for ε > 0. The fluorescent emission from these atoms is in turn nonclassical, attaining statistical properties that are incompatible with solutions of the classical Maxwell equations.
Of particular interest for this work are the class of kth-order correlation functions
Obviously, for no projection on k or more photons, g (k) (0) = 0, but in general already
proves nonclassicality of the underlying quantum state of light [2] , called kth-order sub-poissonian light. Moreover, as all operators are normally-ordered in g (k) (0), one can connect these field correlation functions to the source fields emitted from its origin and in turn to the system operators (usually atomic or atom-like) of that source [3] . Likewise, as the intensity is scaled out in this function, we can also write g (k) (0) only in terms of creation(annihilation) operatorsâ † (â) as
Progress in theory [4] and experiment [5] has made these higher-order moments available to experimental verification. Hence, applying these methods to detect quantum fields has become a cornerstone of quantum-optical research and are valued in different applications such as optomechanics [6] , photon-added and subtracted squeezed coherent states [7] , and noisy twin beams [8] .
Revealing nonclassicality is not the only application of nonlinear correlation functions. The original measurement of g (2) proposed by Hanbury-Brown and Twiss [9] was applied to measure the size of distant stars. A spatial analysis g (2) (d) of two Rydberg excitons with distance d was recently used to visualize Rydberg blockade [10] . In solid-state optics, g (2) (τ ) of a single-mode emission field is used to evaluate the single-photon character of the source field [11, 12] . For g (2) (0) < 1/2, the light source presents a good single-photon emitter. Some limitations of g (2) (0) and the proposal for using higher-order correlations has been brought up multiple times [13, 14] In a recent work [15] , we analyzed the information that can be gained from g (2) (0) < 1/2. While this criterion lies within the range of the nonclassicality criterion Eq. (2), employing extensions to evaluate the actual projection on the single-photon Fock state allows to quantify some classical light fields as well. Hence, it describes a fully independent information set. Vacuum artificially enhances g (2) (0) covering single-photon contributions in some case. We thus introduced an effective second-order correlation functiong (2) (0), which includes the vacuum effect and discussed resulting the bounds on single-photon emission.
The aim of this work is to generalize [15] to higher-order correlation functions
The main focus is on deriving generalized formulas for the following results from the case k = 2:
(a) when g (k) falls below the value attained for the Fock state |k , there is a nonzero lower bound for the projection of the state onto the subspace of less than k photons. (b) Vacuum artificially enhances g (k) (0) for a state with otherwise fixed ratios of Fock-state probabilities, yielding an effective kth-order correlation functiong (k) (0) which accounts for the effect of vacuum. (c) With
, we are able to determine a lower bound for the ratio one-to-(k − 1) photons relative to kor-more photons. (d) The effective correlation function allows to improve previous bounds, but also works for some classical states. This shows that the criteria, while at face value implying kth-order sub-poissonian fields, are actually independent of nonclassicality conditions. (e) It is possible to obtaing (k) directly by combining balanced homodyne correlation measurements with post-selection. Beyond the generalization from k = 2 we also present a large-k approximation, which serves as a valid lower bound for all k.
The paper is organized as follows. In Sec. II, we provide the notation used throughout this work and give a brief summary of the major results of [15] . Followed by that, we give the generalized proof that having g (k) (0) lower than a specific minimum guarantees a non-zero projection on the subspacewith less than k photons in sec. III. In Sec. IV we give lower bounds for both the absolute projection onto less than k-photons, as well as the relative projection between 1 and k − 1 photons relative to k or more photons. Each of these results is a generalization of the previous special analysis for k = 2 and will have the corresponding tight bounds. Then in sec. V we compute an analytical large-k approximation, which proves to be viable also for low k cases. All these results will be applied to known states in sec. VI. Sec. VII is dedicated to a measurement scheme for g (k) (0). Finally, we give conclusions in sec. VIII.
II. NOTATION AND CASE k = 2
For the sake of clarity and brevity, we introduce the following notation throughout this work.
The order k of the correlation function will be arbitrary but fixed, unless otherwise stated; the index k is thus always meant to represent the kth-order correlation function g (k) (0). We will only consider the correlation function at time delay zero, hence g (k) = g (k) (0) for any state. Furthermore, when explicitely calculating g (k) for a given stateˆ , we use the form
[|ψ ] for a pure state |ψ . The Fock states are denoted |n and the photon statistics are p n = n|ˆ |n . For later purposes we may also already define g
Our study will split the photon statstics into the projection on states below k, and above or equal to k. Hence, we introduce the shorthand
Furthermore, as the vacuum contributions will become relevant, we also useP = P − p 0 . For the sake of avoiding pathologies, we will always assume to have states with P, Q = 0. With the split of the Hilbert space into these two subspaces, we introduce corresponding stateŝ
as well as their average photon number N P (Q) = Tr{nˆ P (Q) } with the obvious condition
Note that, as in the case for k = 2, all the information gathered from measuring g
is contained within the p n , and thus, we can use these states for a general description. In the same way as N P (Q) , we may also write g
the naming of these defined subspaces, we call the space spanned by the states |0 , |1 , . . . |k − 1 the sub-k space and the space spanned by the states |k , |k + 1 , . . . the super-k space.
With the above introduced notation, let us shortly review the main results and steps taken within [15] , i.e., the case k = 2. Starting from the well-known result for Fock states having the property g (2) [|n ] = 1 − 1/n, n ≥ 1, we showed that g (2) is quasiconcave (but not quasiconvex),
for s ∈ [0, 1]. This yielded in general the statement that for
min ,
we haveP = p 1 > 0. The absolute amplitude ofP does not follow from g (2) alone, but the relative
The only variable on the right-hand side of Eq. (8),g (2) , is called the effective second-order correlation function. The scaling incorporates the effects of the vacuum contribution p 0 , thus generating a vacuum-independent lower bound forP /Q. In case we have no information on vacuum we must assume the case of p 0 = 0 for a lower bound on this ratio. This result can also be given as a lower bound for the sum of vacuum and single-photon projection, which is P for k = 2, and reads as
Finally, we noted that as weakly excited states usually have large vacuum contributions, we can also analyze coherent and thermal states in this regime, showing the independence of the original criterion from the sub-poissonian light condition.
III. NONZERO PROJECTION ON SUB-k SPACE
We proof the nonzero projection on the sub-k space in a two-step process. In the first step we
show that for Fock states g (k) is monotone increasing with the photon number, i.e.
The kth-order correlation function for Fock states reads
In particular we have g
. Consider the ratio of g (k) for consecutive Fock states
ously, for n → ∞, this ratio becomes one. Let us for the moment extend the range of n to real numbers larger or equal to a fixed k. In that case the derivative with respect to n reads as
The function is thus positive, always increasing with n and goes to 1 for n → ∞, from which we can conclude that g (k) [|n ] is monotone increasing.
In the second step we make use of the ability to have a unified treatement for coherent and incoherent superpositions as all expectation values in our calculation only concern diagonal entries on the density matrix when written in Fock-state basis, cf. the argument for k = 2 in [15] . Hence, we only need to show that g (k) is quasiconcave, i.e.,
for everyˆ 1,2 , s ∈ [0, 1]. Denoting for the two statesˆ i with i = 1, 2
Without loss of generality, we can set r = n 2 /n 1 > 0, and g 2 = tg 1 , t ∈ [0, 1] and rewrite the formula as
Varying s from 0 to 1, g (k) shifts from g 2 to g 1 , i.e., it does not decrease overall. The derivative with respect to s reads as
It has a positive denominator and a numerator linear in s, indicating no more than one extreme point. In order to not be quasiconcave g (k) needs to be decreasing at the beginning, that is
For completeness we included the case of the derivative being zero at the beginning. We will deal with this case below. The relevant numerator of the derivative can be simplified to
The first extreme point is at r = 0, for whichˆ 2 would be the vacuum state and
Already here we can see how vacuum enhances the value of g 1 , which is consistent with our hypothesis of a quasiconcave function. For the other zeros we rewrite the square bracket in Eq. (20) as
and using 0 ≤ t ≤ 1, we find as condition for a zero
As k ≥ 2, the left-hand side of Eq. (23) is only positive in the interval 0 ≤ r ≤ k/(k − 1), and zero at its boundaries. The maximum in between follows from derivation to be at r = 1, t = 1, which is the only solution. For this case with n 1 = n 2 and
can not distinguish between the two states. Thus, for all cases g (k) [ ] is quasiconcave and there is a nonzero projection on the sub-k Fock space if
Note that we can conclude that g
is not quasiconvex, as there is no upper bound to g (k) for a superpsoition of two given statesˆ i . For states with equal g (k) (t = 1), but different average photon numbers
for the superposition has a maximum at
with a value of
One can easily deduce for r 1 that which has no upper limit. For r 1 a corresponding limit with r −(k−1) follows. As an example, we plotted the result for two coherent states in Fig. 1 .
One corollary should be mentioned for completeness. As we have shown the general quasiconcave property of g (k) and the monotonicity of g (k) [|n ], we can also generalize the lower bound argument to any n ≥ k. That means, whenever
[|n ] with n ≥ k, a nonzero projection of the sub-n space exists. As
we conclude that for any state with g (k) < 1, that is for all states for which kth-order subpoissonian statistics are found, there exists a number n ≥ k with a nonzero projection on the states with less than n excitations. All subsequent results can be modified for this generalized result, but for the sake of brevity and clarity we stick to the case n = k.
IV. AMPLITUDES
Splitting g (k) into two sums at k, we obtain
In terms of the above defined statesˆ P (Q) this is equivalent to
So far this equation is exact. It connects the projection on the sub-k space, namely P , to the the projection on the super-k space, namely Q. For the sake of avoiding any pathological issues, we assume now
Thus we can assure that P, Q, N P , N Q , g
Q are all nonzero. Applying the monotonicity of g (k) [|n ] and the average photon number of Fock states in order to get a lower bound on P yields
It should be noted, that these inequalities have tight bounds. They become equations for the only nonzero projections being on the Fock states |k − 1 and |k .
With P = 1 − Q, Q is the only unknown quantity in Eq. (33). We know Q ∈]0, 1[ and one can easily prove that the inequality is fulfilled for Q = 0, but not for Q = 1, indicating the solution in that region. For k = 2, we could analytically find a Q max from demanding equality in (33). In the general case Q max would have to be determined numerically. For P it follows
This equation is a generalized version of Eq. (10) for arbitrary k. It states that for g (k) < g (k) min the projection on the sub-k Fock space has a non-zero lower bound. We have visualized P for different k in Fig. 2 . One can see that the probailities are smooth functions of the ratio
and decreasing for increasing k. Moreover, the functions appear to stabilize for large k, indicating the existence of a general lower bound to be determined later. It should be noted that the difference between the low-k and large-k boundaries is very small, the maximum deviation between the probability P for k = 2 and k = 100 is 0.09.
Let us consider the effect of vacuum now. On the left-hand side of Eq. (31), the vacuum term p 0 does not contribute, as the average photon number N P was calculated. Hence, it can be rewritten asP withP = P − p 0 . Obviously, p 0 becomes an additional free parameter, whch shifts Q max down, andP at the same time. In [15] we divided this equation by Q and then used Q max only in the root term on the right-hand side. This yielded the effective second-order correlation functioñ
.
In order to generalize the influence of vacuum to arbitrary k, let us first look at its physical origin. Consider a stateˆ 0 with no vacuum (p 0 = 0) and a given ratioP /Q > 0. Now we can include vacuum in the stateˆ
The ratioP /Q stays fixed, but the correlation function under study, g (k) gets scaled as
(37) g (k) gets scaled up by the inclusion of vacuum, yielding an effective kth-order correlation functioñ
which preserves the Fock-state ratios.
With the knowledge of the effective kth-order correlation function in mind let us return to Eq. (33) and its solution Q max . If we write out Q on the left-hand side of Eq. (35) and define Q = (1 − p 0 )Q, we obtain after some algebra
The result is structually identical to Eq. (33), just forQ andg (k) . That means,Q has the same solution as Q, but forg
Note that the case p 0 = 0
is included in this generalization. Furthermore, inserting this solution into Eq. (35) after dividing the equation by Q, we find
The right-hand side of Eq. (42) does not contain p 0 or g (k) individually, but onlyg (k) . Hence, we have proven that the relevant quantity for the lower bound ofP /Q is the effective kth-order correlation functiong(k), in accordance with the main result of [15] . Again, we plot the results in Fig. 3 for the same cases as in Fig. 2 . In the logarithmic scaling the variation with k appears even less significant, emphasizing the necessity to consider the large-k approximation. min ≤ 1. The curves are the same as in Fig. 2 .
Finally, we note that we can also use Eq. (42) to further optimize the lower bounds on the absolute limits of P . Therefore we use the exact same argument as in Eqs. (8-10) , now with the right-hand-side of Eq. (42), yielding
Herein
] is simply the solution of Eq. (34) forg (k) . Note that while Eq. (44) is an even higher lower bound than Eq. (34), its effect is negligible forg
min or k 1.
V. LARGE-k APPROXIMATION
As can be seen from the dashed curves in Figs. 2,3 , for large k the probability P and the relative amplitudeP /Q stabilize at a smooth function. This function serves as a general lower bound, depending only on the ratiog
min , which from now on, we will denote as R with 0 ≤ R ≤ 1. In order to analyze this case, let us first turn back to Eq. (33) in the form
here we substituted Q max with Q for the sake of brevity. As k/(k −1) > 1, the root must be smaller or equal to one, with equality only given for Q = R = 1. Thus, we can rewrite the root and make a series expansion as
For large k the term 1/k in the brackets of the form n − 1/k, n ∈ N can be neglected, leaving the Taylor expansion of the logarithm as
1 − Q = log R Q or (50)
Thus, we have a large-k behaviour, where the only k-dependence is given by the ratio R, yielding a general lower bound of P (R). To formulate this implicite solution with explicite functions, we calculate the derivative P (R) to obtain
Including the initial condition P (0) = 1 this differential equation has the unique solution
with W 0 (x) the Lambert-W function with the upper branch for x ∈ [−1/e, 0].
VI. APPLICATIONS
Let us first consider a coherent state |α with average photon-number n = |α| 2 . As a classical state it fails to qualify for any criterion of the form g (k) < g (k)
min < 1. However, we have found for the case k = 2 that the effective second-order correlation functiong (2) may fall below this boundary for sufficiently low excitation ( n < ln(2) ≈ 0.63, cf. [15] ). One can conclude that the single-photon criterion is actually independent of the nonclassicality criterion g (2) < 1 for subpoissonian light, and just by coincidence falls within the range of the latter. In general we note
is the condition for a nonzero sub-k projection with our criteria. This may be solved for |α| 2 to find a k-dependent upper bound. Using Stirling's approximation for the factorial, we also find a large-k approximation of
This is again a lower bound for all k, meaning that also the general statement of a nonzero sub-k projection is not a definite nonclassicality criterion, just lies within the range of the nonclassicality criterion g (k) < 1. All coherent states with average photon number below 0.46 can be identified by our refined criterion. As a sidenote, with the generalization for n > k from the corollary in sec.III, we can extend the range of our criteria to all coherent states.
In comparison, for a thermal statê
with n = λ/(1 − λ) and g (k) = k!, we easily deduce as condition for applying our conditions
While there exists a nonzero lower bound for the excitation of the state, it goes to zero for large k,
indicating that for we need arbitrarily low-excited thermal state to find R < 1.
VII. MEASUREMENT ISSUES
Setups to determine higher-order correlation functions based on balanced-homodyne correlation measurements were proposed in 2006 [4] . Experimental implication and verification, performed with the help of waveguide delay lines established this proposal as a viable method for determining up to roughly g (6) [5] . Additionally, the vacuum projection of a light field can be directly obtained from click detectors, recording the ratio between no clicks and clicks [16] . Yet, at least for lower average photon numbers arrays of click detectors already give sufficient information to obtain the photon number statistics and consequently all g (k) andg (k) [17, 18] . Combining balanced homodyne correlation measurements with click-detectors is a versatile method to obtain g (k) and p 0 . Using advanced click-detector arrays may then serve to validate the predictions of this work.
A way to determineg (k) directly was proposed in [19] . Therein, the authors consider a one-toone optomechanical coupling between an optical photon and a mechanical phonon. Thus singlephonon states could be detected via single-photon measurements, which in turn could be found from Hanbury-Brown Twiss measurement of g (2) . To circumvent the problem of strong vacuum components and low signal-to-noise ratio, the authors employed post-selection methods. By first detecting the emission of a photon before actually applying the g (2) measurement they effectively cut out all cases of zero photons. From a theoretical point of view, this generates the effective second-order correlation functiong (2) instead of g (2) . This method can be imported also for higherorder correalations functions, allowing to determineg (k) without knowledge of the vacuum at all.
The major drawback of this method is that we do not determine the kth-order correlatioon function itself, but for the vacuum-reduced state. Hence, the connection to subpoissonian emission, which was previously drawn, can no longer hold. As shown in the applications, even coherent or thermal states may be (correctly) identified as states with sub-k projection, but not show any nonclassical
properties. If such a connection is intended to be established, the original g (k) has to be determined, either by not removing the vacuum, or additionally measuring p 0 and computing g (k) from that.
VIII. CONCLUSIONS
We have studied the relation between the kth-order correlation function g (k) and the projection of the underlying quantum state of light onto the sub-k space. g (k) is a quasiconcave function, from which we could conclude that for g (k) < g (k) [|k ] there is a nonzero projection on the subk space. It is possible to give an explicite nonzero lower bound, which is the correct value if the quantum state of light only has projections on the Fock states |k −1 and |k . The value of g (k) gets artificially enhanced by vacuum. By introducing the effective kth-order correlation functiong (k) we could account for this vacuum effect and present a vacuum-independent treatment. Withg (k) a lower bound for sub-k photon emission relative to super-k emission follows, and an optimized version of the lower bound for the sub-k projection. However, including this extra information reveals that the connection between kth-orer correlation fucntion and sub-k space projection is actually classical and just by coincidence also fulfils a nonclassicality criterion. We showed that there is a large-k approximation which is a valid lower bound for all k. Finally we presented some examples of states to apply our criteria for and discussed the measurability ofg (k) .
Our results open up a different view and possibly a different field in optical physics. Up to this point, higher-order correlation functions have been used exclusively for identifying quantum phenomena. In contrast g (2) has already been established as a source for various information beyond just detecting subpoissonian or atinbunched light. This work gives insight into a new application of higher-order correlation functions, which at face value appears quantum, but in
